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Abstract 

In the manuscript, Voronovskaja type asymptotic formula for function having g-derivative of q-Durrmeyer operators 
and q-Durrmeyer-Stancu operators are discussed. 
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1. Introduction 

The classical Bernstein-Durrmeyer operators Dn introduced by Durrmeyer [3( associate with each function / 
integrable on the interval [0,1], the polynomial 


n 

DnU\x) = (n + 1)^ Pn,k{x) pn,k{t)f{t)dt, a;G[0,1], 
k=0 


( 1 . 1 ) 


where pn,k{x) =[ ]x^{I - x) 

\kj 

These operators been studied by Derriennic and many others. Last 30 years, the application of q-calculus 
in hied of approximation theory is active area of research. In 1987, the g-analogues of Bernstein operators was 
introduced by Lupas [l^, Gupta and Hapeing introduced (/-generalization of the operators nn as 

n 

Dn,q{f]x) = [n-\-l]q'^q~'"Pnk{q-:X) f {t)pnk{q; qt)dqt, (1.2) 

Jo 


k=0 


where Pnk{q', x) = 


A(i-x)J 


The Rate of convergence of the operators m was discussed by Gupta et al 


.B 


i9i, local approximation, global 


approximation and simultaneous approximation properties of these operators by Finta and Gupta estimation 
of moments and King type approximation was elaborated by Gupta and Sharma Q. In 2014, Mishra and Patel 
3; 141 talk about Stancu generalization, Voronovskaja type asymptotic formula and various other approximation 
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properties of the g-Durrmeyer-Stancu operators. 


We have the notation of g-calculus as given in 



Here, in 


this manuscript we establish Voronovskaja type asymptotic formula for function having q-derivative. 


2. Estimation of moments and Asymptotic formula 

In the sequel, we shall need the following auxiliary results: 

Theorem 1. Bi If m-th {m > 0, m G N) order moments of operator (jl.2D is defined as 

n 

= Dn,q{t^, x) = [u + 1], ^ q~’'Pn,k{q\ x) / qt)t^dqt, X € [0, 1], 

k=0 

then Df g(a;) = 1 and for n > m + 2, we have following recurrence relation, 


[n + m + = ([m + 1], + q"^+^x[n]g)Dl (x) + x(l - x)q"^+^D‘i{Dl (x)). 


To establish asymptotic formula for function having g-derivative, it is necessary to compute moments of first to 
fourth degree. Using above Theorem one can have first, second, third and fourth order moments. 

Lemma 1. For all x € [0,1], n = 1, 2, ... and 0 < q < 1, we have 

• Dn,q{r,x) = 

• Dn^q{r,x) = 


Dn^q{r,x) = 


[n + 2]q 

q^x'^[n]q[n - \]q + (1 + qfqx[n]q + 1 + 

[n 3]q[n 2]q 

3 - rx^[n]q[n - l],[n - 2]q + x^q^[n\q[n - 1 ], (l + g + 2 g^ + 3q^ + 29 ^) 

[n + 4] q [n + 3] g [71 + 2] g 
xg[2]g[n]g (1 + 2g + 3q^ + 2q^ + q'^^ + [3]g[2]g 
[n + 4] g [n + 3] g [n + 2] g 

4 q^^x‘^[n]q[n — l]q[n — 2]q[n — 3]g + q^x^[n]q[n — l]q[n — 2]g (l + 2g + 2q^ + 3q^ + Aq'^ + 3q^ + g®) 


[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

q^x'^[n]q[n - l]q {l + 2q + Aq"^ + 8q^ + 12q^ + lAq^ + 13q^ + lOg^ + 6g® + 2q^} 
[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

gx[2]g[n]g |l + 3g + 6g^ + 9q^ + lOg^ + 9q^ + 6g® + 3g^ + g®} + [4]g[3]g[2]g 


[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

Lemma 2. For all x G [0,1], n = 1, 2, ... and 0 < q < 1, we have 

1 - (1 + g"+i) X 


Dn,q ((t - x)q,x) = 
Dn,q {(t - Xfq,x) = 


• + 2]q 


2 \ _ g^a;2(l + g")(g"+i[2]g- [n]g) + x(l + g)(g2[n]g - 1 - g”+2) + 1 + g^ 


[n + 3]g[n + 2]g 


2 











Du,q {{t-x)l,x) 

_ 2^3 f q^[n]q[n - l]g[n - 2]q - g[3]g[n]g[n - l]q[n + 4]g + [n + 4\q[n + 3]g[2]q[n]g - q[n + 4]g[n + 3]g[n + 2]g 

[n + 2]Jn + 3]Jn + 4], 

2 [ - l]g (l + 9 + + 3^^ + 2q^) - (1 + qY[i]q\n]q[n + 4], + [2],[n + 4],[n + 3], ^ 

^ 1 [n + 2],[n + 3],[n + 4], f 


( 7 [ 2 ]g[n]g (l + 2(7 + 3g^ + 2 ( 7 ^ + ( 7 ^) — (1 + (7)[3]q[n + 4]^ 
[n + 2]q[n + 3]q[n + 4]^ 


[3]J2], 

[n + 2]q[n + 3]g[n + 4]g 




4 4 
= X q 


q^'^[n]q[n - l]q[n - 2]q[n - ?,\q q'^[i]q[n]q[n - l]q[n - 2]q ^ {[b]q + q^)[n]q[n - l]q [4]q[n]q ^ 2 

[n + 5]q[n + 4]q[n + 3]g[n + 2]g [n + 4]g[n + 3]g[n + 2]^ [n + 3]q[n + 2]g [n + 2]g 


[n + 4]q[n + 3]q[n + 2]^ 


[n + 5]q[n + 4]q[n + 3]g[n + 2]g [n + 4]g[n + 3]g[n + 2]^ [n + 3]q[n + 2]g [n + 2]g J 

3 2 1 q^inlqin - l]q[n - 2]q {l + 2q + 2q^ + 3q^ + Aq''^ + 3q^ + g®) q[4\q[n]q[n - 1], (l + g + 2q^ + 3q^ + 2g^) 

[n + 5]q[n + 4]q[n + 3]g[n + 2]g [n + 4]q[n + 3]q[n + 2]g 

(l + g)M[5]9 + g") [n]g _ 1 

[n + 3]Jn + 2], 

2 [ q^[n]q[n - l]q {l + 2q + 4q^ + 8g® + 12q^ + 14g® + 13g® + lOg^ + 6g® + 2q^} 

I [n + 5]q[n + 4]g[n + 3]g[n + 2]g 

[4]g[2]g[n]g (1 + 2(7 + 3g^ + 2g® + (1 + q) ([5]^ + q^) ^ _ [4]g[3]g[2]g _ 

[n + 4]q[n + 3]g[n + 2]g [n + 3]g[n + 2]q J [n + 5]q[n + 4]g[n + 3]q[n + 2]^ 

_l_ f 9[2]9M9 {1 + 3(7 + 6g^ + 9(7® + lOg^ + + 6(7® + 8(7^ + 9®} + [4](3r[3]q[2]g[n + 5]^ 1 

[n + 5] q [n + 4] g [n + 3] Q- [n + 2] g J 

Proof: To prove this Lemma, we use linear properties of (7-Durrmeyer operators. 

Dn,q\\t x)q,Xj — Dn^q{t,x) xDn^q{l,x) — 2j _|_ 2] 

l + x{q + q^ + ... + q^-l-q-q^-...-q’^- g"+i) 

[n + 2]g 

l-(l + g"+®)x 


Using identities {t — x)^ = — \2]qxt + qx^, we get 


Dn,q{{t - x)l,x) 


^n,q(j' 1 x) [2^qXDnq[t^x')-\-qX iil^g(l,x) 

q^x‘^[n]q[n-l]q + {l + q)'^qx[n]q + l + q |■l + gx[n]g] ^ 2 

[n + 3]g[n + 2]g ^ J?®" [ [^ + 2]g J + 

g®x^[n]g[n - l]g + (1 + q)'^qx[n]q + l + q- [2]qx[n + 3]g - gx^[2]g[n + 3]g[n]g + qx'^[n + 3]g[n + 2]g 

[U + 3]g[?4 + 2]g 

qx'^ {q'^[n]q[n - l]g - [2]g[n + 3]g[n]g + [n + 3]g[n + 2]g} + x {(1 + q)'^q[n]q - [2]g[n + 3]g} + l + q 

[n + 3]g[n + 2]g 

g^x^(l + g")(g"+^[2]g - [n]g) + x(l + g)(g^[n]g - 1 - g”+^) + 1 + g 

[n + 3]g[n + 2]g 
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Notice that {t — x)^ = — [3]qXt^ + q[2]qX^t — q^x^, 


Dn,q {{t x)q, x) — 


Dn,q {f,x) - [i\qXDn,q , x) + q[2]qx'^Dn,q {t,x) - q^X^ 

q^x^[n]q[n - l]q[n - 2 ], + x'^q^[n]q[n - 1 ], (l + 9 + 2q'^ + 3q^ + 2q'^) 

[n + 4]g[n + 3]q[n + 2]q 

a;(7[2]g[n]g il + 2 q + 3 q^ + 2 q^ + + [3]q[2]q 

[n + 4]q[n + 3]g[n + 2], 

[Qi ^ / <l^x‘^{n]q[n - 1 ], + (1 + qfqx[n]q + 1 + g\ , , 2 f^ + <l4n]q \ 3^3 


[n + 3]q[n + 2]q J'— ^[^ + 2], J — 

2 { ^VAq\n — V\q {\ + q-\- 2q^ + 3q^ + 2(7^) — (1 + g)^ [3]g[n]g[n + 4]g + [2]g[n + 4]^[n + 3]q 


[n + 2]g[n + 3]q[n + 4]q 

9[2]9Mq (1 + 2g + 3g^ + 2q^ + g"*) — (1 + g)[3]g[n + 4]g 1 ^ [3]q,[2]q 

[n + 2] q [n + 3] g [n + 4] g J [n + 2] g [n + 3] g [n + 4] g 


Finally, using identities {t — x)q = — [4]gxt^ + g ([5]g + g^) x^t^ — g^a;^[4]gt + g®a;^, we get 


Dn,q {{t - x)^q,x) 

= Dn,q {t^,x) - [4]ga;£>„,g {f,x) + q ([5]g + g^) x'^D^^q {t^,x) - q^x^[A]qDn,q {t,x) + q^x'^ 

g^^a:'‘[n]g[n - l]g[n - 2]g[n - 3]g + g®a;^[n]g[n - l]g[n - 2]g (l + 2g + 2g^ + 3g^ + 4g"‘ + 3g^ + g®) 

[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

q^x^[n]q[n - l]g {l + 2g + 4g2 + Sg® + 12g4 + 14g® + 13g® + lOg^ + 6 g® + 2g9} 

[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

ga:[2]g[n]g |l + 3g + 6 g^ + 9g® + lOg^ + 9g® + 6 g® + 3g^ + g®} + [4]g[3]g[2]g 
[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

, , [ q^x^[n]q[n - l]q[n - 2]g + a;^g®[n]g[n - l]g (l + g + 2q^ + 3g® + 2g'‘) 

[n + 4]g[n + 3]g[n + 2]g 

^ a:g[2]g[n]g (l + 2g + 3g^ + 2g® + g^) + [3]g[2]g 1 
[n + 4]g[n + 3]g [n + 2]g J 

+a(\^] I 2 ^ 2 f ^AnUn-^q + {l + q)\x[n]q + l + q \ 3 3 f 1 + ga:[n]g ) g 4 
+gU5Jg + gj:r | [^ + 3 ]j^ + 2 ]g / ^ \ [n + 2 ]g / +^ 

g^®a:'‘[n]g[n - l]g[n - 2]g[n - 3]g + g®a;®[n]g[n - l]g[n - 2]g (l + 2g + 2g^ + 3g® + 4g"‘ + 3g® + g®) 

[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

g®a;2[n]g[n - l]g {l + 2g + 4g2 + 8 g® + 12g4 + 14g® + 13g® + lOg^ + 6 g® + 2g9} 

[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

ga:[2]g[n]g |l + 3g + 6 g^ + 9g® + lOg"^ + 9g® + 6 g® + 3g^ + g®} + [4]g[3]g[2]g 
[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

g®[4]ga;^[n + 5]g[n]g[n - l]g[n - 2]g + g®[4]ga;®[n + 5]g[n]g[n - l]g (l + g + 2q‘^ + 3g® + 2g^) 

[n + 5]g[n + 4]g[n + 3]g[n + 2]g 

g[4]g[2]ga:^[n + 5]g[n]g (l + 2g + 3g^ + 2g® + g"^) + a:[4]g[3]g[2]g[n + 5]g 
[n + 5]g[n + 4]g[n + 3]g[n + 2]g 
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^ ([S]^ + xH'n + 5]q[n + 4]q[n]g[n - 1]^ + g^(l + g)^ ([5]^ + g^) x^[n + 5]g[n + ^q[n]g 

[n + 5]q[n + 4]g[n + 3]q[n + 2], 

^ (1 + q)q ([5]g + g^) x^[n + b]q[n + 4]g 

[n + 5]q[n + 4]q[n + 3],[n + 2], 

g^a;^[4]g[n + 5]g[n + 4]q[n + 3]g + q‘^x‘^[4]q[n + 5]g[n + 4]g[n + 3]q[n]q - + 5]q[n + 4]g[n + 3]g[n + 2]q 

[n + 5]q[n + 4:]q[n + 3]q[n + 2], 

^4 4 f q^^[n\q[n - l]q[n - 2]q[n - 3\q _ q‘^[4]q[n]q[n - l]q[n - 2]q ([5]g + g^) [n]q[n - l]q _ [4]q[n]q 2 1 

[n + 5]q[n + 4]q[n + 3]g[n + 2]g [n + 4]g[n + 3]g[?4 + 2]g [n + 3]g[n + 2]g [n + 2]g J 


+a;^g^ 


g®[n]g[n - l]g[n - 2]g (l + 2q + 2q^ + 3q^ + + 3q^ + g®) g[4]g[n]g[n - l]g (l + g + 2q^ + 3q^ + 2q‘^) 


(1+9)M[5], 


[n + 5]g[n + 4]g[n + 3]g[n + 2], 
+ g^) [n]q 


[n + 4]g[n + 3]g[n + 2]g 


- 9[4]g 


+x 


[tI + 3]g [tI + 2]g J 

g2[n]g[n - l]g {l + 2g + 4g2 + 8q^ + 12g4 + Uq^ + 13g® + lOg^ + 6g® + 2g9} 


[n + 5]g[n + 4]g[n + 3]g[n + 2]g 
[4]g[2]g[n]g (l + 2g + 3g^ + 2g^ + g'^) (1 + g) ([5]g + g^) 


[4],[3]g[2], 


[n + 4] g [n + 3] g [n + 2] g 


[tI + 3] g [t 1 + 2] g 


[n + 5]q[n + 4]g[n + 3]g[n + 2]q 


+x 


j 9p]gMij {l + 3g + 6g^ + 9g^ + lOg"^ + 9g® + 6g® + 3g^ + g®} + [4]g[3]g[2]g[n + 5]g 

I [n + 5]g[n + 4]g[n + 3]g[n + 2]g 


Theorem 2. Let f bounded and integrable on the interval [0,1] and (g„) denote a sequence such that 0 < g„ < 1 
and qn ^ I as n ^ oo. Then we have for a point x S (0,1) 


lim [n]q„[Dn,qM',x) - f{x)] = (1 - 2x) lim Dq^f{x)+x{l - x) lim f{x). 


Proof: By g-Taylor formula [1| for /, we have 


a 


f(t) = f(x) + Dqf(x)(t -x) + j^D^f(x)(t - xfq + eq{x] t){t - xfq, 

Wq 


for 0 < g < 1, where 


dq{x\t) = 


f{t) - f{x) - Dqf{x){t -x)- j^D‘^f{x){t - x)l 
{t - x)\ 

0 , 


\i xf^t 


if cc = f. 


We know that for n large enough 


lim Qq[x\ t) = 0. 

t—^X 


( 2 . 1 ) 


( 2 . 2 ) 


That is for any e > 0, there exists a ^ > 0 such that 


\0q{x]t)\ < €. 


(2.3) 
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for \t — x\ <6 and n sufficiently large. Using (12.11) . we can write 


Dn,q„{f\x) - f{x) = Dg^f{x)D„^g^{{t - x)g;x) + 


Dlfjx) 

[2],„ 


D 


n,qn 




x) +U«"(a;), 


where 


n 

E^ix) = [n + 1], q~’'Pnk{q; x) / 0g{x; t)pnk{q] qt) (t - xfg dgt. 

k=0 


By Lemma [21 we have 


lim [n]g^D„ g^{{t - x)g\x) = (1 - 2x) and lim [n]g^Dn^g^{{t - x)l-,x) = 2x{l - x). 

n—^oo n—¥oo ^ 

In order to complete the proof of the theorem, it is sufficient to show that lim [n]q„£'®”(a;) = 0. We proceed as 


follows: 

Let 


and 


so that 


n „i 

Pti(x) = [n]qAn + l]g„Y qn ’"Pnk{qn;x) 0q^{x]t)pnk{qn] qnt) {t - xfg^ Xx{t)dgJ 

n 

Pn" 2 ix) = [n]gjn + l]g^Y0^~'‘P^k{qu;x) / 6»,„ (x; t)p„fe(g„; g„t) (t - - Xx{t)) dgj, 

1 -n ^ 0 


[n]qr^E?r{x) = P^^iix) + 


\qn 

where Xxid) is the characteristic function of the interval {t : |t — a;| < 6}. 

It follows from m 

Prolix) = 2ea;(l — x) as n —>■ cxd. 

If |t — x| > (5, then \dq^{x]t)\ < ^{t — x)'^, where M > 0 is a constant. Since 
{t — xf = (t — q^x + q^x — x) {t — q^x + q^x — x) 

= (t- q^x) (t - q^x) + x[q^ - 1) (t - q^x) + x[q^ - 1) (t - q^x) + x^{q^ - l){q^ - q^) + x^{q^ - l)(g^ - 1), 

we have 

\Pu'}2{x)\ < ^ {[n]q^Dn,q„{{t-x)'^gjx)+x{2-ql-ql)[n]q^Dn,qMt-x)l^;x) 

+x^iql - -x)l^\x)}. 


Using Lemma 121 we have 


.4 , ^ Cm, ^ / / . . . . Cjr 


Pn,qni{t x)g^]x) < . ,g , Pn,qn{{'t x)g^] x) < ^ Pn,q„{{t x)g^] x) < 


a 


J qn 


J qn 
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we have the desired result. 

Corollary 1. Let f bounded and integrahle on the interval [0,1] and (qn) denote a sequence such that 0 < (;„ < 1 
and qn ^ 1 as n ^ oo. Suppose that the first and second derivative f'{x) and f"(x) exist at a point x G (0,1). 
Then we have for a point x G (0,1) 

lim [n],„ [Dn,q„ (/; x) - f{x)] = (1 - 2x)f{x) + x{l - x)f'{x). 


3. Asymptotic formula for Durrmeyer-Stancu Operators 


In year 1968, Stancu [16| generalized Bernstein operators and discussed it approximation properties. After that 
numbers of researchers gives Stancu type generalization of several operators on finite and infinite intervals, we refer 
to the papers [IJ, [llj, [isl [iSj . As mention in the introduction Stancu generalization of g-Durrmeyer operators 
(ira was discussed by Mishra and Patel [l^, which is defined as follows: for 0 < a < fd, 

Dnlq =[n+ 1 ], ^ q~’'Pnk{q; x) ( f f Pnkiq', qt)d, 

t^o Jo \ [n]q + 13 J 


Jiqt, 


where Pnk{q', x) as same as defined in (11.21) . 

a a \n]a + a\n +‘2\nqx\n]'i 

Lemmas. We have Df, + {l-x) = 1, D^+(^t;x) = - ^^^ 2 ] {[n] +13) ’ 

pa /3p2 N W 9 (W 9 - 1) + (( 9(1 + qf + ‘^o^q^) Mq + 2a9[3]9[n]^) x 

{[n]q+P)^[n + 2]q[n + 3]q 

{\-G q + 2aq^)[nYq + 2a[+\q[n]q 


([n]q + /3)2 {[n]q + PY[n + 2]q[n + ?,]q 

Lemma 4. We have 


Dnln (t -x,x) = 


q[r. 


[n + 2]q{[n]q + P) 


- 1 hr + 


[n]q + a[n + 2]q 

[n + 2]q{[n]q + /3) ’ 


Df^+({t-x)\x) = 


q'^VAg - g^jnfq - ‘^q[nfq[n + 3]q{[n]q + /3) + [n + 2]q[n + 3,]q{[n]q + j5)'^ ^ 

{[n]q + l3Y[n + 2]q[n + ^f^q 

9(1 + qY[nfq + 2gQ;[n]^[n + 3], - {2[n]q + 2a[n + 2],) [n + i]q{[n]q + fi) 


{[n\q +/3)^[n + 2]q[n + 3]q 


+ 


(1 + g)[n]* + 2a[n\q[n + 3], 


(3.1) 


{[n\q + I3)‘^[n + 2]q[n + i\q ' 

Remark 1. For all m G N U {0},0 < a < ft; we have the following recursive relation for the images of the 
monomials under x) in terms of Dn,q{t3 ] x); j = 0,1,2,... ,m, as 

m\ [n]aa™-a 


^ _ D (F x) 
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Theorem 3. Let f bounded and integrable on the interval [0,1] and (qn) denote a sequence such that 0 < < 1 

and —)• 1 as n ^ oo. Then we have for a point x € (0,1) 


lim [n]qjD^’^ {f;x) - f(x)] = (1 + a - (2 + l3)x) lim Dq„f{x) + x{l - x) lim f{x). 

The proof of the above lemma follows along the lines of Theorem [21 using Lemma [4] and remark [T] thus, we omit 
the details. 

Corollary 2. j^ / Let f bounded and integrable on the interval [0,1] and (qn) denote a sequence such that 0 < 
(jn < 1 and qn ^ 1 as n ^ oo. Suppose that the first and second derivative f'(x) and f"(x) exist at a point 
X G (0,1). Then we have for a point x G (0,1) 

lim [n]q^ (/; x) - f{x)] = (1 + a - (2 + /3)x)/'(x) + x{l - x)f"{x). 


Remark 2. Theorem HI and Theorem 0 gives asymptotic formula for q-Durrmeyer operators and q-Durrmeyer- 
Stancu operators respectively. If f has first and second derivative, then lim D„^f{x) = f'(x) and lim f{x) = 

0 n—^oo n^oo 

, Theorem 5], which is mention in corollary [H So presented 

results are more general results then exists ones. 
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